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Doubly perturbed functional equations
In this paper, we study the existence and uniqueness of the solution to a class of
doubly perturbed jump-diffusion processes with non-Lipschitz coeﬃcients. Some well-
known results are improved and generalized.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
In this paper we are concerned with the existence and uniqueness of solutions to the doubly perturbed nonlinear
stochastic functional equations with jumps of the form











h(Xs−, y)N˜(ds,dy) + α max
0st
Xs + β min
0st
Xs, t  0, (1.1)
where X0  0, α < 1 and β < 1 are real constants, b, σ and h are real-valued functions which will be given to be speciﬁed
later. (Bt , t  0) is a standard one-dimensional Brownian motion on a ﬁltered complete probability space (Ω,F , {Ft}t0, P ),
N˜(dt,dy) is the compensated Poisson random measure given by N˜(dt,dy) = N(dt,dy) − dtΠ(dy), here Π(dy) is the Lévy
measure associated to N and for integrability this satisﬁes
∫ +∞
−1 (1∧ y2)Π(dy) < ∞ and also assume that
∫ +∞
−1 yΠ(dy) < ∞.
The doubly perturbed Brownian motion
Xt = Bt + α max
0st
Xs + β min
0st
Xs, (1.2)
which arises as a limit process from a “weak” polymers model of Norris, Rogers and Williams [11], also as the scaling limit
of some self-interacting random walks [5], has attracted much interest from several directions, see Le Gall and Yor [10],
Davis [6,7], Carmona, Petit and Yor [1,2], Perman and Werner [13], Chaumont and Doney [3,4], Doney [8], Petit [12],
Werner [15], etc.
Recently, Doney and Zhang [9] have studied the following singly perturbed nonlinear diffusion processes






σ(s, Xs)dBs + α max
0st
Xs (1.3)
with the condition that σ ,b are Lipschitz continuous functions.
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of the form (1.1), and the aim of this paper is to close this gap. In this paper, motivated by the previously mentioned papers,
we will study the existence and uniqueness of solutions to Eq. (1.1). We would also like to mention that the Lipschitz
condition is a special case of the proposed conditions for functions σ , b, and to all appearances the result is new even
when σ and b satisfy the Lipschitz condition.
2. Existence and uniqueness
In this section we study the existence and uniqueness of solutions of Eq. (1.1). We will use C to denote a generic constant
which may change from line to line. First we imposed the following assumptions:

















for all t  0 and Xt :R+ →R.
(A2) F (t,u) is locally integrable in t for each ﬁxed u ∈ R+ and is continuous nondecreasing in u for each ﬁxed t  0 and
for any constant K > 0, the differential equation
du
dt
= K F (t,u)
has a global solution for any initial value u0.
(A3) There exists a function G :R+ ×R+ → (0,∞) such that
E
([
b(t, Xt) − b(t, Yt)
















for all t  0 and Xt, Yt :R+ →R.
(A4) G(t,u) is locally integrable in t for each ﬁxed u ∈ R+ and is continuous nondecreasing in u for each ﬁxed t  0.





for all t  0, then Zt ≡ 0.
(A5)
|α| + |β| < 1.
Now we give the main result of the present paper.
Theorem 2.1. Assume that the random variable X0 is independent of (Bt , t  0) and E(|X0|2) < ∞. There exists a uniqueFt -adapted
solution Xt, t  0, to Eq. (1.1) such that E(max0sT |Xs|2) < ∞ for any T > 0.
Proof. We introduce the following iteration procedure. Let
X0t =
X0
1− α − β , 0 t < ∞.
























N˜(ds,dy) + α max
0st
Xn+1s + β min
0st
Xn+1s , t  0. (2.1)
Hence, we have for any s 0,


































































∣∣∣∣∣+ (|α| + |β|) max0us
∣∣Xn+1u ∣∣.
















































































∣∣Xn+1s ∣∣2) Yt  YT < ∞, for all n = 0,1,2, . . . . (2.3)
This proves the boundedness of {Xn+1t , t  0}.
Let us next show that {Xn+1t , t  0} is Cauchy. To this end, note that for any s 0, n,m 0, from (2.1) we have


































































Using the fact∣∣∣ max
0vs





∣∣ f (v) − g(v)∣∣,∣∣∣ min
0vs





∣∣ f (v) − g(v)∣∣,
we get from (2.4),
∣∣Xn+1s − Xm+1s ∣∣
s∫
0





















∣∣∣∣∣+ (|α| + |β|) max0vs
∣∣Xn+1v − Xm+1v ∣∣, (2.5)
i.e.,
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1− (|α| + |β|)
)[ t∫
0






































































































∣∣Xns − Xms ∣∣2).





By assumption (A4) we easily get Z(t) ≡ 0. This shows that {Xn+1t , t  0} is Cauchy. Then the standard Borel–Cantelli lemma
argument can be used to show that Xn+1t → Xt uniformly in {0  t  T }, as n → ∞ and {Xt,0  t  T } is the unique
solution of Eq. (1.1). 
3. Remarks
Remark 3.1. In the case when h ≡ 0 or Π ≡ 0, if G(t,u) = Cu, u  0, C > 0, assumption (A4) implies Lipschitz condition.
Hence, Theorem 2.1 in this paper is a generalization of Theorem 2.1 of [9]. That is to say, Theorem 2.1 of [9] for only
α-singly perturbed diffusion processes (|α| < 1) can be generalized to the case for α,β-doubly perturbed diffusion processes
provided that |α| + |β| < 1.
Remark 3.2. Let G(t,u) = λ(t)γ (u), where γ : R+ → R+ is continuous nondecreasing function such that γ (0) = 0 and∫
0+
1
γ (u) = +∞, λ(t) 0 is locally integrable. Then by comparison theorem of ODE we know that assumption (A4) holds [14].
Here we state some examples of such functions γ . Let ε > 0 be suﬃciently small. Deﬁne
γ1(u) =
{
u log(u−1), 0 u  ε,
ε log(ε−1) + γ ′1(ε−)(u − ε), u > ε,
γ2(u) =
{
u log(u−1) log log(u−1), 0 u  ε,
ε log(ε−1) log log(ε−1) + γ ′2(ε−)(u − ε), u > ε.
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